Anti-symmetric Hamiltonians (II): Variational resolutions for 
Navier-Stokes and other nonlinear evolutions 



[~--~ I Nassif Ghoussoub* and Abbas Moameni^ 



X 



Department of Mathematics, University of British Columbia, 
Vancouver BC Canada V6T 1Z2 
nassif Omath . ubc . ca 



o 
o 

(N 
X) , 

O moameniOmath . ubc . ca 

(N 

'. Abstract 

, The nonlinear selfdual variational principle established in a preceeding paper [H] - though good enough to 

be readily applicable in many stationary nonlinear partial differential equations - did not however cover 
the case of nonlinear evolutions such as the Navier-Stokes equations. One of the reasons is the prohibitive 
coercivity condition that is not satisfied by the corresponding selfdual functional on the relevant path space. 
^ , We show here that such a principle still hold for functionals of the form 

^ ; I{u) = \L{t, u{t),u{t) + Ku{t)) + {Ku{t), u{t))\ dt + e{u{0) - u{T), <£l±!^^ 

<N . 

, where L (resp., i) is an anti-selfdual Lagrangian on state space (resp., boundary space), and A is an ap- 

' propriate nonlinear operator on path space. As a consequence, we provide a variational formulation and 

resolution to evolution equations involving nonlinear operators such as the Navier-Stokes equation (in di- 
' mensions 2 and 3) with various boundary conditions. In dimension 2, we recover the well known solutions 

"j^ , for the corresponding initial- value problem as well as periodic and anti-periodic ones, while in dimension 

3 we get Leray solutions for the initial- value problems, but also solutions satisfying u(0) = au{T) for any 
given a in (—1, 1). Our approach is quite general and does apply to many other situations. 



1 Introduction 

This paper is a continuation of [8] where the first-named author established a general nonlinear selfdual vari- 
ational principle, that yields a variational formulation and resolution for several nonlinear partial differential 
equations which are not normally of Euler-Lagrange type. Applications included nonlinear transport equa- 
tions, the stationary Navier-Stokes equations, and the generalized Choquard-Pekar Schrodinger equations 
with certain non-local potentials. The principle also applied to the complex Ginsburg-Landau evolution 
equations, but could not cover Leray's existence results for Navier-Stokes evolutions in low dimensions. The 
primary objective of this paper is to develop a sharper selfdual variational principle to be able to deal with 
this shortcoming, and to encompass a larger class of nonlinear evolution equations in its scope of applications. 
We first recall the basic concept of selfduality. It relates to the following class of Lagrangians which play a 
significant role in our proposed variational formulation. If X is a reflexive Banach space, and L : X x X* — > 
M U {-|-cw} is a convex lower semi-continuous function, that is not identically equal to -l-oo, we say that L is 
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an anti- self dual Lagrangian (ASD) on X x X* if 

L*{j),x) = L{-x,-p) iov aX\{p,x) e X* X X, (1) 
where L* is the Legendre-Fenchel dual (in both variables) of L, defined on X* x X as: 

L*{q,y) = sup{((7,a;> + {p,y) - L{x,p); x G X,p G X*}. 
We shall frequently use the following basic properties of an ASD Lagrangian: 

L{x,p) + {x,p) > for every (a;,p) eX x X*, (2) 

and the fact that 

L{x,p) + {x,p) = if and only if (— —x) G dL{x,p). (3) 
We therefore define the derived vector fields of L at a: G X to be the -possibly empty- sets 

dLix) := {p G X*;Lix, -p) - {x,p) = 0} = {p G X*; (p, ~x) G dL{x,p)}. (4) 

These anti-selfdual vector fields are natural extensions of subdifferentials of convex lower semi-continuous 
functions. Indeed, the most basic anti-selfdual Lagrangians are of the form L{x,p) = Lp{x)+Lp*{—p) where (p is 
such a function in X, and (p* is its Legendre conjugate on X*, in which case dL{x) = d(p{x). More interesting 
examples of anti-selfdual Lagrangians are of the form L{x,p) = (p{x) + ip*{—Tx — p) where is a convex 
and lower semi-continuous function on X, and F : X — > X* is a skew adjoint operator. The corresponding 
anti-selfdual vector field is then dL{x) — Tx + dLp{x). Actually, it turned out that every maximal monotone 
operator (we refer to [3] for this well developed theory) is an anti-selfdual vector field. This fact proved by the 
first-named author in [10] means that ASD-Lagrangians can be seen as the potentials of maximal monotone 
operators, in the same way as the Dirichlet integral is the potential of the Laplacian operator (and more 
generally as any convex lower semi-continuous energy is a potential for its own subdifferential), leading to a 
variational formulation and resolution of most equations involving maximal monotone operators. 
In this article, we develop further the approach -introduced in [5]- to allow for a variational resolution of 
non-linear PDE's of the form 

An + dL{u) = 0, (5) 
and nonlinear evolution equations of the form 

u{t) -f A-u(t) -I- dL{u{t)) = starting at u{0) = uq, (6) 

where L is an anti-selfdual Lagrangian and A : D{A) C A" — > X* is a non-linear regular map, that is if 

A is weak-to-weak continuous and u — > (Au,u) is weakly lower semi-continuous on D{A). (7) 

We note that positive linear operators are necessarily regular maps, but that there is also a wide class of 
nonlinear regular operators, such as those appearing in the basic equations of hydrodynamics and magneto- 
hydrodynamics (see below and [TT]). 

Our approach is based on the following simple observation: If L is an anti-selfdual Lagrangian on AT x X*, 
then for any map A : -D(A) C AT — > X*, we have from ^ and ([3]) above that 

I{x) := L{x, Ax) + {x. Ax) > for all x G D{A), (8) 

and that equation ([5]) is satisfied by a; G AT provided the infimum of / is equal to zero and that it is attained 
at X. The following theorem established in [5] provides conditions under which such an existence result holds. 

Theorem 1.1 Let L be an anti-selfdual Lagrangian on a reflexive Banach space X such that Domi(L) is 
closed and let be its Hamiltonian. //A : D{A) C X ~> X* is a regular map such that: 

Domi(L) C D{A) and lim Hl{0, -x) + {Ax,x) = +oo, (9) 
IblH+oo 

then the functional L{x) = L(x, Ax) -\- {Ax, x) attains its minimum at x ^ I^i-^) such a way that: 

L{x) = inf L{x) ^ (10) 
G Ax + dL{x). (11) 
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We have denoted here the effective domain of L by Dom(L) = {{x,p) G X x X*; L{x,p) < +00}, and by 
Domi(L) its projection on X, that is Domi(L) = {x G X; L{x,p) < +00 for some p e X*}. 
The Hamiltonian Hl : X x X ^ R of L is defined by: 

HL{x,y) = sup{{y,p) - L{x,p);p £ X*}, 

which is the Legendre transform in the second variable. 

As shown in [5], Theorem 11.11 applies readily to many nonlinear stationary equations giving variational proofs 
of existence of solutions. For example, one can obtain solutions of the incompressible stationary stationary 
Navier-Stokes equation on a smooth bounded domain fl of 

{u ■ V)u + f = i^Au — Wp on n 

divu = onfl (12) 

u — on dft 

where ly > and / e LP{n;M.'^), as follows. Letting 

$H =^-j^,^^[^^fdx + jj^Uf^u, (13) 

be the convex continuous function on the space X = {u G iJp (il; R^); divw = 0}, and $* be its Legendre 
transform on X*, Equation (|12p can then be reformulated as 

Ku = -d^{u) ^ i/Au - f - Vp , , 

u e X, ^ ' 

where A : X ^ X* is the regular nonlinear operator defined as 

f du ' 

{Au,v) ^ J Y.lk=iUk-Q^Vjdx^ {{u-V)u,v). (15) 

Theorem 11.11 then readily yields that if p > | , then the infimum of the functional 

/(u) = $(u) + $*(-(u-V)u) (16) 

on X is equal to zero, and is attained at a solution of (H^). Theorem 1 1 . 1 1 does not however cover the case 
of nonlinear evolutions such as the Navier-Stokes equations. This is because of the prohibitive coercivity 
condition ([9]) that is not satisfied by the corresponding selfdual functional on the relevant path space. We 
shall therefore prove a similar result under a more relaxed coercivity condition that will allow us to prove a 
selfdual variational principle that is more appropriate to nonlinear evolution equations. 
For that, we shall consider an evolution triple X C H C X* where if is a Hilbert space equiped with (, ) as 
scalar product, and where X is a dense vector subspace of H, that is a reflexive Banach space once equipped 
with its own norm || • ||. Let [0, T] be a fixed real interval and consider for p,q > 1, the Banach space as 
well as the space Xp q of all functions in such that it G L^, , equipped with the norm 

\\u\U^, = \\uh.^ + \\u\\Ll^. 

Let now J be the duality map from X to X*, i.e., for every u G X, Ju is the element of the dual X* that is 
uniquely determined by the relation 

{Ju, u) = \\u\\\ and \\Ju\\x. - Mx- (17) 

It is well-known that J is one to one and onto X* , while being monotone and continuous from X (with its 
strong topology) to X* equipped with its weak topology. We shall need the following notion. 

Definition 1.2 Let L be a time-dependent selfdual Lagrangian on [0,T] x X x X*, and let A : Xp g L^, 
be a given map. Say that L is A-coercive if for any sequence {a;„}J^]^ C Xp^q we have 

1 1 

lim / [L{t,xnit),xnit) + Axnit) + - 1| a;„ f" Va;„ (t) ) -f- (a;„(t), Aa;„(i)) -f- -\\x„{t)\\P] dt = +qo. 
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Here is one useful corollary of the variational principle we establish in section 3 for nonlinear evolutions. 

Theorem 1.3 Let X d H d X* be an evolution triple where X is a reflexive Banach space, and H is a 
Hilhert space. For p > 1 and q — ^^^j, assume that A : Xp^q —>■ L\, is a regular map such that for some 
nondecreasing continuous real Junction w, and < fc < 1, it satisfies 

\\J^A\l-'^, -^kW^WL"^. +w{\\x\\lp^) for every X Xp^q, (18) 

and 

\ {kx{t),x{t))dt\ <w{\\x\\lp^) for every X Xp^q. (19) 

Let I he an anti-selfdual Lagrangian on H x H that is bounded below with G Dom(i'), and let L be a time 
dependent anti-selfdual Lagrangian on [0,T] x X x X* that is A-coercive and such that for some C > and 
r > 1, we have 

L{t,u{t),0)dt < C(l + \\u\\IpJ for every u £ L^. (20) 

The following functional 

I{u)= f \L{t, u{t),u{t) + Au{t)) + {Au{t), u{t))] dt + t{u{Q) - u{T), '^^^^ ^ "^"^ ) (21) 

then attains its minimum at v G Xp q in such a way that L{v) = iniueXp , = and 

-Av{t)-v{t) e dL{t,v{t)), 
_«(0)+£m e -dl{v{0)-v{T)). 

Now while the main Lagrangian L is expected to be smooth and hence its subdifferential coincides with its 
gradient, and the differential inclusion is often an equation, it is crucial that the boundary Lagrangian (. be 
allowed to be degenerate so as its subdifferential can cover the various boundary conditions discussed below. 
As a consequence of the above theorem, we provide a variational resolution to evolution equations involv- 
ing nonlinear operators such as the Navier-Stokes equation with various boundary conditions. Indeed, by 
considering 

If + (u • V)m + / = j/Au-Vp onficM", 

divw = on f7, (23) 
u = on do., 

where / G i^*([0,T]), X — {u ^ iJg (51; R"); divw = 0}, and H — L'^{U), we can associate the nonlinear 
operator equation 

H+Az, G -d<^{t,u) 
H(0)±H(n e -dt{u{Q)-u{T)). 

where £ is any anti-selfdual Lagrangian on H x H , while $ and A are defined in (fT3| and (fT5)) respectively. 
Note that A maps X into its dual X* as long as the dimension < 4. On the other hand, if we lift A to 
path space by defining {Au){t) = A{u{t)), we have the following well-known results: 

• If A^ = 2, then A is a regular operator from A:'2,2[0, T] into L\, [0, T]. 

• However, if A^ = 3, we then have that A is a regular operator from X2.2[0, T] into [0, T]. 
We therefore distinguish the two cases. 

Corollary 1.4 Assuming N = 2, f in i^.([0,T]), and i to be an anti-selfdual Lagrangian on H x H that 
is bounded from below, then the infimum of the functional 

I{u) = r [$(t, uit)) + $*(i, -u(^) - (u ■ V)u{t))] dt + i{uiO) - u{T), 
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on A^2,2 is zero and is attained at a solution u of \23l\) that satisfies the following time-boundary condition: 



In particular, with appropriate choices for the boundary Lagrangian i, the solution u can be chosen to verify 
either one of the following boundary conditions: 

• an initial value problem: u(0) = Uq where uq is a given function in X . 

• a periodic orbit : u(0) — u{T), 

• an anti-periodic orbit : u(0) = —u{T). 

However, in the three dimensional case, we have to settle for the following result. 

Corollary 1.5 Assume N = 3, f in L'j^,{[0,T]), and consider £ to be a selfdual Lagrangian on H x H that 
is now coercive in both variables. Then, there exists u S A'a 4 such that 

I{u) = r u{t)) + -u{t) - {u ■ V)u{t))] dt + £{u{Q) ~ u{T), ^^(9l±<El) < 0, 
Jo ^ 

and u is a weak solution of I123\) that satisfies the time-boundary condition i25\) . Moreover, u verifies the 
following "energy inequality" : 



In particular, with appropriate choices for the boundary Lagrangian i, the solution u will verify either one 
of the following boundary conditions: 

• an initial value problem: u{0) — Uq- 

• a periodicity condition of the form: u(0) — au(T), for any given a with — 1 < a < 1. 

The above results are actually particular cases of a much more general nonlinear selfdual variational principles 
which applies to both the stationary and to the dynamic case. It will be stated and established in full 
generality in the next section. 

2 Basic properties of selfdual functionals 

Consider the Hamiltonian H = Hl associated to an ASD Lagrangian L on X x X* . It is easy to check that 
: X X X ^ M U {+00} U {-00} then satisfies: 

• for each y E X, the function Hy : x —H{x, y) from X to M U {+00} U {—00} is convex; 

• the function x H(—y, —x) is the convex lower semi-continuous envelope of Hy. 

It readily follows that for such a Hamiltonian, the function y II{x, y) is convex and lower semi-continuous 
for each x E X, and that the following inequality holds: 




(25) 



Moreover, u verifies the following "energy identity" : 



II"WIIh + 2/o [^{t,u{t)) + ^*{t,-u{t)-{u-V)u{t))\dt^\\tim\]j for every te[Q,T]. (26) 




(27) 



H{~y, —x) < —II{x, y) for every {x, y) E X x X . 



(28) 



In particular, we have 



II{x, —x) < for every x E X. 



(29) 
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Note that is always concave in the first variable, however, it is not necessarily upper semi-continuous in 
the first variable. 

Another property of ASD Lagrangians that will be used in the sequel is the fact that 

L{x,p) = {Hl)1{x,p) - {-Hl)1{-p. ~x) (30) 

where (/)* (resp., (/)2) denotes the Legendre transform of a function f on X x X, with respect to the first 
(resp., second) variable. It then follows that if we define the following operation on two ASD Lagrangians L 
and M on X X X* , 

L®M(x,p) = ■mi{L{x,r) + M{x,p - r)-r £ X*}, (31) 
then we have for any {x,p) G X x X* , 

L ® M{x,p) = sup{(y, -p) + iJi(y, -x) + i?M(y, -x);yeX]. (32) 

As in [5j , we consider the following notion which extends considerably the class of Hamiltonians associated 
to selfdual Lagrangians. 

Definition 2.1 Let i? be a convex subset of a reflexive Banach space X . 

1. A functional A/ : x — > M is said to be an anti- symmetric Hamiltonian on E x E if it satisfies the 



following conditions: 

For every x € E, the function y M{x, y) is concave on E. (33) 
M{x, x) <Q for every x e E. (34) 
2. It is said to be a regular anti- symmetric Hamiltonian if in addition it satisfies: 

For every y d E, the function x AI{x,y) is weakly lower semi-continuous on E. (35) 



The class of regular anti- symmetric Hamiltonians on a given convex set E -denoted TC^^^™ (E)- is an inter- 
esting class of its own. It contains the "Maxwellian" Hamiltonians H{x, y) = ip{y) — ip{—x) + {Ay, x), where 
if is convex and A is skew- adjoint. More generally, 

1. If L is an anti-selfdual Lagrangian on a Banach space X , then the Hamiltonian M{x, y) = HL{y, —x) 
is in H°"«'"(X). 

2. If A : D{A) C X ^ X* is a -non necessarily linear- regular, then the Hamiltonian H{x, y) — {x — y, Ax) 
is in n'"'y'''{D{A)). 

Since 7^°**'™(X) is obviously a convex cone, we can therefore superpose certain non-linear operators with 
anti-selfdual Lagrangians, via their corresponding anti-symmetric Hamiltonians, to obtain a remarkably rich 
family that generates non-convex selfdual functionals as follows. 

Definition 2.2 A functional I : X ^ WU {+00} is said to be selfdual on a convex set E C X if it is 

non-negative and if there exists a regular anti- symmetric Hamiltonian M : E x E ^ R such that for every 

X e E, 

I{x) ^ snpM{x,y). (36) 

A key aspect of our variational approach is that solutions of many nonlinear PDEs can be obtained by 
minimizing properly chosen selfdual functionals in such a way that the infimum is actually zero. This is 
indeed the case in view of the following immediate application of a fundamental min-max theorem of Ky-Fan 
(see m- 

Proposition 2.1 Let I : E ^ M-U {+00} be a selfdual functional on a closed convex subset E of a reflexive 
Banach space X , with M being its corresponding anti- symmetric Hamiltonian on E x E. If M is coercive 
in the following sense 

lim M(x,0) = -1-00, (37) 

|2:|| — >+oo 

then there exists x ^ E such that I{x) — sup Af (a;, y) = 0. 
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The following was also proved in [5] . 

Proposition 2.2 Let X d H d X* be an evolution pair and consider a time- dependent anti-seljdual La- 
grangian L on [0,T] x X x X* such that 

For each p G map u — > L(t,u{t),p{t))dt is continuous on (38) 

The map u J^^ L{t,u{t),0)dt is bounded on the unit ball of L^. (39) 
Let i be an anti-seljdual Lagrangian on H x H such that: 

-C < e{a, b) < C(l + ||a|||^ + \\b\\jj) for all (a, b)eHxH. (40) 

Then the Lagrangian 

CUp)^lloLit,u{t),pit) + uit))dt + iiuiO)-u{T),^^^n^ if ueX,,, 
' \ +00 otherwise 

is anti-self dual on L^ x L^. . 

Consider now the following convex lower semi-continuous function on L^: 

^P(u) = \ 9 Jo II V JWX P.I (41) 

I +00 it U e L^^ \ Xp^q, 

and for any > 0, we let ^1/^ be the anti-selfdual Lagrangian on L^ x L^, defined by 

^^iu,r)=^l^{u)+^lr{--)■ (42) 

Now for each (u,r) e L^ x i^*, define 

/:©«'^(u,r) inf {C{u, s) ^iu,r - s)} (43) 

Lemma 2.3 Let L and £ be two anti-selfdual Lagrangians verifying the hypothesis of Provosition [27B. and 
let C be the corresponding anti-selfdual Lagrangian on path space L^ x L^. Suppose T is a regular operator 
from Xp^q into L^* then, 

1. The functional 



L^{u) = C®^^,{u,Tu)+ I {Tu{t),u{t))dt 

Jo 

is self dual on Xpq x Xp^q, and its corresponding anti- symmetric Hamiltonian on Xp^q x Xp^q is 

Mp{u, v) := J^(Tu{t),uit) - v{t))dt + Hc{v, -u) + ^ixjj{u) - ^l^P{v), 
where Hc{v,u) — suppg^? {J^{p,u) dt — C{v,p) is the Hamiltonian of C on L^ x L^. 

2. If in addition lim {Tu(t),u{t))dt + Hc{0, ~u) + ^j.iJj{u) = -\-oo, then there exists u G Xp q 

with dip{u) £ L^, such that 

u{t) +ru{t) + fidTp{u{t)) e -dL{t,u{t)) (44) 
<n±m e -a.(.(0)-.(T)) (45) 
u(T) = m(0) = 0. (46) 
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Proof: First note that since C and are anti-selfdual, it is easy to see that Z © ^^(u^■p) + > for 

ah £ L\ X L\,^ and therefore /(u) > on A'p^g. 

Now by ([5^ . we have for any G x L\, , 

C(B'^f_c{u,p) = sup { / {~p,v) dt + Hc{v,-u) + fi^p{-u) - fitpiv)}. 
veL^^ Jo 

But for u e A'p^q and v G \ ^p,g, we have Hc{v, —u) = suppg^<j^^ {jj" — (p, u) — C{v,p)} — —oo, and 
therefore for any u £ Xp^q, we have 

sup M^{u,v) — sup M^{u,v) 

(ru(t),M(t)}dt+ sup / (ru(t),-u(t)}dt + iJ£(i;,-w)+/xV'(w) -AiV'(w) 

v£L'^ Jo 

T 

{ru{t),u{t))dt + £ © ^'^(u, Tw) 

= /H- 

It foUows from Proposition 12.11 that there exists G A:'p,g such that 

/^KJ = £®*^K,,ru^)+ / (rw^(t),u^(t))dt = 0. (47) 



Since C © ^'^^(Ujp) is convex and coercive in the second variable, there exists p £ i^. such that 

C®'^^{u^,Tu^) ^ Mciu,p) + '^^,{u,Tu^^p). (48) 

It foUows that 

C{u^,p) + ^^{u^,Tu^-p)+ I {Tu^{t),u^{t)) dt 

Jo 

[L{t, u^{t),u,,{t) + Pit)) + {u^{t),p{t))] dt + e{u^{T) - u^{0), MZ1±^) 

+ *,,("M:rU^ -P) + / {Tu^,{t)-p{t),Uf,{t))dt 

Jo 

T 

[L{t,u^{t),u^{t)+p{t)) + {u^{t),u^{t) +p{t))] dt 



- p) + / {VUf,-p,Uf,{t))dt. 
Jo 

Since this is the sum of three non-negative terms, we get the following three identities, 

[L(t, u^{t),u^{t) + p{t)) + {u^, u^,+p)] dt = 0, (49) 
^^{u^,Tu^-p) + J^{Tu^-p,u^it))dt^O, (50) 

e{u,{o) - u,in !^t^ll±^) - l\\u,iT)r + Iwu.m' ^ o. (si) 



It follows from the limiting case of Fenchel duality that 

-deiu^io) - u^{T)) 



Uf,{t) + Tu^{t) + ndij{u^{t))) e ~dL{t, u^{t)){oT almost all t e [0, T] 
w^(T)+«^(0) ^ 
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Since u := E Xp^q, we have that —iJ,dtp{u{t))) = u{t) + Tu{t) + dL{t, u{t)) G L^. 
It follows that d%l}{u{t))) = 
for each v G Xp^q we have 



dt ^ 



uWt '^Jrp^u), where Jt is the duality map between and L"^,. Hence, 



{u{t) + Tu{t) + dL{t, u{t)),v) + v) dt 



{u{t) + ru{t) ~ fi—{\\^l-^Jj;^u) + dL{t,u{t)),v) dt 
-/i(||^(T)||rV^i^(r),t;(T)}~M(ll"(0)||rV^iu(0),«(0)) 



from which we deduce that 



u{t)+Tu{t)--{ 



|«-2 



J^^iiit)) 



-dL{t,u{t)) 



■i{T) = u(0) = 0. 



□ 

We shall make repeated use of the following lemma which describes three ways of regularizing an anti- 
selfdual Lagrangian by way of A-convolution. It is an immediate consequence of the calculus of anti-selfdual 
Lagrangians developed in [7] to which we refer the reader. 



Lemma 2.4 For a Lagrangian L : X x X* 



. U {+cxd}, define for every [x, r) E X x X* 



Liix, r) = M{Liy, r) + ^-i^ + ^^Ml, y ^ x} 

Xp q 



and 



L\{x, r) — inf{L(x, s) 



\q p 



■,SEX*} 



and 



Lx^{x,r) ^M{L{y,s) + ^\\x-y\ 



^11 II 
2 II II 



^1 



-\\y\\^-yEX,sEX*} 



If L is anti-selfdual then the following hold: 

1. L\, L\ and L^^^ are also anti-selfdual Lagrangians on X x X* . 

2. L\ (resp., L\) (resp., L^^^) is continuous in the first variable (resp., in the second variable) (resp., in 
both variables). Moreover, \\dL\{x)\\ < for every x E X. 

3. dLlix) = dL{x) + \P-^\\x\\P-'^Jx for every xeX. 

4- dL\{x) ~ dL{x + A''^-'^ ||r||''^^ J^-'^r) for every x E X where r = dL{x). 

5. Suppose L is bounded from below. If x\ x and p\ p weakly in X and X* respectively as A ^ 0, 
and if L^^"^ (x\,p\) is bounded from above, then 

L{x,p) < liminf i^^'^(a;A,J3A)- 



Proof: It suffices to notice that L\ — L -k Mx and L\ = L ® M\ where M\{x,r) — ip\{x) + tpli'r) with 
i^xix) ^ Note that L^'^ = (L©Ma)*Ma with Mx{x,r) = j^\\x\\^ + ^\\rf- The rest follows from 

the calculus of sclfdual Lagrangians developed in [7]. □ 
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3 A selfdual variational principle for nonlinear evolutions 

This section is dedicated to the proof of the following general variational principle for nonlinear evolutions. 

Theorem 3.1 Let X <Z H d X* be an evolution triple where X is a reflexive Banach space, and H is a 
Hubert space. Let L be a time dependent anti-selfdual Lagrangian on [0, T] x X x X* such that for some 
C > and r > 0, we have 

L{t,u{t),0)dt < C(l + \\u\\Ip ) for every u £ L^. (52) 



Let £ be an anti-selfdual Lagrangian on H x H that is bounded below with £ Dom(^), and consider A 



Xp^q — > L^, to be a regular map such that 



||Au||i?^^^ <k\\u\\Li^^ +w{\\u\\lp^) for every u £ Xp,q, (53) 

where w is a nondecreasing continuous real function and < fc < 1. Assume that L is A-coercive and that 
one of the following two conditions hold: 

(^) I /o^(^"(^)>'«(^))c^*| <w{\\u\\i^p^) for every uiE Xp^q. 

(B) For each p £ L'*^, , the functional u ^ L{t,u(t),p{t)) dt is continuous on L^, and there exists C > 
such that for every u S we have: 

\\dL{t,u)\\^.^^ < wiMi^.J, (54) 

{dL{t,u(t)) + Au{t),u(t)) dt > -C{\\u\\lp +1). (55) 

JO 

Then the functional 

I{u)= I \L{t, u{t),u{t) + Au{t)) + {Au{t), u{t))] dt + £{u{0) - u{T), "^^^ ^ ) (56) 



2 

attains its minimum at v G Xp^q in such a way that L{v) = iuiuex,, , liu) = and 

-Avit)-v{t) = dL{t,v{t)), 
_._mMTl G d£{v{Q)^v{T)). 

For the proof, we start with the following proposition in which we consider a regularization (coercivization) 
of the anti-selfdual Lagrangian C by the ASD Lagrangian ^f^, and also a perturbation of the operator A by 
operator 

Ku = w;(||u||^p )Jtu + ||u||^7^>/tu (58) 

which is regular from Xp^q into i^, . 

Lemma 3.2 Let A be a regular map from Xp q into L\, satisfing i5S\) . Let L to be a time- dependent anti- 
selfdual Lagrangian on [0,T] x X x X* , satisfying conditions i38\) and i39\} and let £ be an anti-selfdual 
Lagrangian on H x H satisfying condition ^U\ l. Then for any ^ > 0, the functional 

I^,{u) ^ C®-^ f,{u,Au + Ku) + I {Au{t) + Ku{t),u{t))dt 



is selfdual on Xp^q x Xp^q. Moreover, there exists G {w G Xp_q; dip{u) G L'i^,,u{T) — u{0) — 0} such that 
u^,{t) + Au^{t) + KUf,{t) + fid^j{Uf,{t))) G -dL{t,u^{t)) (59) 
£(u^(0)-u^(T) /^'^^^+"^^°^ ) = r {u,{t),u,{t))dt (60) 
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Proof: It suffices to apply Lemma [2.31 to tlie regular operator T = A + K, provided we show tlie required 
coercivity condition lim M{u, 0) — +00 where 

M(u,0)= / {Au{t) + Ku{t),u{t))dt + HciO,-u) + ^l^|J{u). 



Note first that it follows from ([55]) that for f < ^, there exists C(e) such that 
{Auit),uit))dt < k\\u\\LpJu\\Ll,+w{\\u\\LpJ\\u\\LP^ 

On the other hand, by the definition of K, we have 



Therefore the coercivity follows from the following estimate: 

/■^ r 1 1 

M(u,0) = / (Au{t) + Ku{t),u{t)) + ij£(u,0) + 

Jo L J 1 ^* 

^1 



iip+i 



-Hc{0,0) + ti-\\u\\l. 



> {^-e)\\u\\l,^+\\u\\lV{l + o{\\u\\^.J). 



In the following lemma, we get rid of the regularizing diffusive term ^'ip{u) and prove the theorem with 
A replaced by the operator A + K, and under the additional assumption that i satisfies the boundedness 
condition 



Lemma 3.3 Let L he a time dependent anti-selfdual Lagrangian as in Theorem \3.1\ satisfying either one of 
conditions (A) or (B), and assume that £ is an anti-selfdual Lagrangian on H x H that satisfies condition 
i4(^ - Then there exists u G Xp q such that 

u{t),u{t) + Au{t) + Ku{t)) dt + {Au{t) + Ku{t),u{t))] dt + £{u{Q) - u(T), "(^^ + ^ 0. 

Proof under condition (B): Note first that in this case L satisfies both conditions ((38)) and ([39)l of Lemma 
12. 3i which then yields for every > an element G Xp q satisfying 

u^{t) + Au^{t) + Ku^,{t) + ^i^i^{u^{t))) e -dL{t, (61) 

and 

iiu,iO)~u,iT),^^i^^^^^) = j\u,{t)^u,{t))dt. (62) 

We now establish upper bounds on the norm of in Xp^q- Multiplying by it^ and integrating over 
[0, T] we obtain 

{u^{t)+Au^,{t)+Ku^{t)+iMd^{u^{t)),u^{t))dt^~ [ {dL{t,u^{t)),u^{t))dt. (63) 

Jo 

It follows from and the above equality that 

i-T 

{u^{t)+Ku^{t)+fidtP{u^{t)),u^{t)) <C{1 + \\uJlp). (64) 
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Taking into account ([S^ and the fact that j'^ di}}{u^{t)),u^{t)) > 0, it follows from ([50)1 that 



)+ / {Ku^{t),u^{t)) <C{l + \\u^h.). 



Since £ is bounded from below (say by Ci), the above inequality implies that ||u^||^p^ is bounded, since then 
we have 

Now we show that is also bounded. For that, we multiply (j6ip by J^^ii^ to get that 

WWl. +[ [{Au^{t)+Ku^{t)+^id^P{u^{t))+dL{t,u^{t)),J-^u^{t))]dt^O. (65) 
^' Jo 

The last identity and the fact that {dip{Ufj_{t)), J^^-Up(t)) dt = imply that 
It follows from the above inequality and ([55)1 that 

from which we obtain that (1 — A;)!!-;!^!!^?^^ < w(||u^||^p ) + , which means that H'U/illL'^^ is bounded. 

Consider now u e Xp^g such that u weakly in and -it^ ^ m in L^. . From (|6ip and (j62p we have 



(AM^(t) + Ku^{t),Uf,{t)) + L{t, u^{t), u^{t) + Aw^(i) + KUf,{t) + Atc)V(i*p W)) 



T 



z.^(T) + u^(0) 



< 



(Aw^(t) + Ku^{t) + ^ai/;(u^(i)), M^(i)) + i(t, u^{t),Ui,{t) + AM^(t) + Js:u^(t) + ndi>{u^{t))) 
+^K(0) - — — — ) 

Since A + is regular, 9'0(up) is uniformly bounded and L is weakly lower semi-continuous on X x X* , we 
get by letting ^ ^ that 



dt 



m(T) + m(0), 



{Au{t) + Ku(t), u{t)) + L{t, u{t), u{t) + Ku{t) + Ku{t)) 



dt < 0. 



The reverse inequality is true for any u G Xp q since L and £ are anti-selfdual Lagrangians. 



Proof of Lemma 13.31 under condition (A): Note first that condition implies that there is a D > 
such that _ 

(66) 



L{t,u{t),p{t))dt > Di\\p\\l, - 1) for every p e L^., 



where - + - ~ 1. 

r s 



However, since L is not supposed to satisfy condition (|38p . we first replace it by its A-regularization L\ which 
satisfies all properties of Lemma 13.21 Therefore, there exists m^^a G -^p.g satisfying 



and 



u^,x{t) + AUf,.x{t) + Ku^,x{t) + iidij{Uf,^x{t))) - -dL\{t, u^.x{t)). 



(u^,A(t),U^,A(t))di- 



(67) 



(68) 



12 



We shall first find bounds for Ufj__\ in Xp^q that are independent of ^. Muhiplying l|67p by u^_x and integrating, 
we obtain 

{u^,x{t)+^^i^A*) + Ku^At)+f^d^P{u^^x{t)),u^,x{*))dt = - [ {dL\{t,u^^x{t)),u^At))dt. (69) 

Jo 

Since dL\{t, .) is a maximal monotone operator, we have (dL\(t, u^^^xit)) — dL\{t, 0), Uf^^xit) — 0) dt > 0, 
and therefore 

' {dL\{t,u^,x{t)),u^,x{t))dt> I {dL\{t,0),u^,x{t))dt. (70) 
Taking into account ([70)1 and the fact that dijj{Ufi{t)),u^{t)) > 0, it foUows from that 

eiu^AO) - u^AT), "^'^(^) + "^'^(") ) + r {ku^^x{t) + A'7.^,A(i), ^^m.a(O) < - C0L\{t, 0), k^,a(0) 

Jo Jo 

This imphes {m^,a}/x is bounded in L^, and by the same argument as under condition (B), one can prove 
that {li^.Al/i is also bounded in L^,. Consider ux G Xp q such that u^_a ^ "a weakly in and m^^a ^ ma 
in L^, . It follows just like in the proof under condition (B) that 



{Kux{t) + Kux{t), ux{t)) + L\{t, uxit),ux(t) + Kux{t) + Kux{t)) 



dt 



+£(.A(o)-.A(r),^^^i^lf^) = o, (71) 

and therefore 

ux{t) + Aux{t) + Kux{t) e -dL\{t, ux{t)). (72) 

Now we obtain estimates on ux in Xp,q. Since I and L\ are bounded from below, it follows from ((7T|) that 
jj" (AuA(t) + Kux{t), ux(t)) dt is bounded and therefore ux is bounded in since 

T 

' {Aux{t) + Kux{t),ux{t))dt > -C{\\u\\lp. + 1)- I {dL{t,u{t)),u{t))dt+ I {Ku{t),u{t)) dt 







> ~C{\\u\\^.^ + 1) - w{\\u\\^.J\\u\\r^.^ + w{\\u\\r^.J\u\\' + \\u\\lt\ 



Setting vx{t) ux{t) + Aux{t) + Kux{t), we get from that 

-vx{t) = dLl{t,ux{t)) ^ dL{t,ux{t) + X'^-^\\vxmr^J''Mt))- 
This together with ([71]) implies that 

/o^ [(Aua(0 +i^WA(0,UA(i)) + A||t;A(OII'' + i(^,"A(t) + A||wA(t)||rV-iwA(0,WA(i) + AuA(t) +is:MA(t)) 

+^(^^a(0) - ma(T), "^(^)+"^W ) ^ 0. (73) 

It follows that L{t, ux{t) + X\\vx{t)\\'l~'^ J^^vx{t), ux{t) + Aux{t) + Kux{t)) dt is bounded from above. 
In view of ((66)) . there exists then a constant C > such that 



dt 



\\ux{t) + Aux{t) + Kuxit)\\L.^^ dt < C. (74) 

It follows from the above that 

WuxWlu < WAuxWlu + WKuxhu +C< kWiixhu + AMl^) + WKuxhl, 
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from which we obtain 

which means that HuaHl^, is bounded. By letting A go to zero in (|73p . we obtain 

e{u{0) - u{T), + ^ r \(^Au{t) + Ku{t),u{t)) + L{t, u{t),u{t) + Au{t) + Ku{t)) 



dt^O 



where u is a weak Hmit of {u\)\ in Xp g. 



□ 



Proof of Theorem 13. It First we assume that £ satisfies condition ([^0]) , and we shall work towards elimi- 
nating the perturbation K. Let L| be the A— regularization of L with respect to the second variable, in such 
a way that L\ satisfies ([55)) . Indeed 



{dLl{t,u{t))+Au{t),u{t))dt = / {dL{t,u{t)) + Au{t) + XP-^\\u\\P-^Ju{t),u{t))dt 



> 



{dL{t, u{t)) + Au{t),u{t)) dt > -C\\u\\lp ■ 



(75) 



Moreover, we have in view of ([52|) that 



Ll{t,u,p)dt>-D + ^\\u\\P 



From Lemma [3. 3[ we get for each e > 0, u^^x G Xp ^ such that 



(76) 



{Au,^x{t) + eKu,^x{t),u,^x{t)) + Ll{t, u,^x{t),UeAt) + ^u.^t) + eKu.^t)) 



dt 



+«('«e,A(0) - -Ue,A(r), ) = 0, (77) 



and 



u,At)+Au,At)+eKu,At) € -dLl{t,u,At)). 



(78) 



We shall first find bounds for u^^x in Xp q that are independent of e. Multiplying (|78|) by u^^x and integrating, 
we obtain 



{u,,x{t) + Au.^t) + eKu.^t), u,,x{t)) dt 



{dLl{t,u,At)),u,At))dt. 



(79) 



It follows from fTS]) and the above equality that 



e^A(t) + eKu,At),u,At)) < C||u,,a||l'' 







and therefore 



e{u,,x{0) - u^MT), + r {eKu,^x{t).u,At)) < C\M\l'. 



which in view of (j77|) implies that 

i-T 



I / Ll(t,u,^x{t),u,^x{t) + Au,^x{t) + eKu,^x{t))dt\ < C||ii,,A|lL'' 



(80) 
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By ([75)1 . we deduce that {wc^aI/x is bounded in L^. The same reasoning as above then shows that {ue,x}fi 
is also bounded in L^, . Again, the regularity of A and the lower semi-continuity of L, yields the existence 
of u\ G Xp q such that 

e{ux{0)~uxiT), 
In other words, 



{Auxit), uxit)) + Ll{t, ux{t),uxit) + Auxit)) 



dt = 0. 



(81) 



/o^ [(A«A(t),UA(t)) +i(i,UAW,MA(<) + AP-i||uA(<)r-2uA(i) + AJ«A(<)) + AP-i||uA(i)r 

+£(iiA(0) - ux{T), H^m+IiAM) = 0. 



dt 



Now since L is A— coercive we get that (ua)a is bounded in Xp q. Suppose ux ^ u in and iix 
L'^x*- It follows from ([53]) that Aua is bounded in L^'- Again, we deduce that 



(82) 
u in 



e{u{T) - u(0). 



(Au(i), u{t)) + L{t, u{t),u{t) + Au{t)) 



dt = 0. 



Now, we show that we can do without assuming that £ satisfies but that it is bounded below while 



(0,0) e Dom(^). Indeed, let 



be the A-regularization of the anti-selfdual Lagrangian £ in both 



variables. Then £x satisfies pO)) and therefore there exists xx G q such that 



£x{xx{T)~xxiO), 



xx{T)+xx{0), 



{Axx{t), xx{t)) + L{t, xx{t),xx{t) + Axx{t)) 



dt = 0. 



(83) 



Since i is bounded from below so is £x- This together with ([55)1 imply that the family {Axx{t), xx{t)) + 
L{t,xx{t),xx{t) + Axx{t)) dt is bounded above. Again, since L is A— coercive, we obtain that (a;A)A is 



bounded in 



The continuity of the injection Xp^q C C([0,T];iJ) also ensures the boundedness of 
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{xx(T))x and (a;A(0))A in H. Consider x £ Xp^q such that xx ^ x in and iA ^ a; in i^*. It follows from 



the regularity of A and the lower semi-continuity of £ and L that 



n.(T)-.(0),ffi±«) + 



(Ai(i), x{t)) + L{x{t),x{t) + Ax{t)) 



dt = 0, 



and therefore x satisfies equation ([52 



4 Application to Navier- Stokes evolutions 

The most basic time-dependent selfdual Lagrangians are of the form L(t,x,p) = ip(t,x) + <y5*(i, —p) where 
for each i, the function x —^ ip(t, x) is convex and lower semi-continuous on X. Let now ip : H ^ RU {-|-oo} 
be another convex lower semi-continuous function which is bounded from below and such that G T)oin(ip), 
and set £{a, b) = + The above principle then yields that if for some Ci, C2 > 0, we have 

Ci{\\x\\l,^ - 1) < Jo V^{t,^it)) dt < ^2(11x11^^ + 1), for aU x e i^, 

then for every regular map A satisfying (j53p and either one of conditions (A) or (B) in Theorem 13. 1[ the 
infimum of the functional 

Iix) = r [^{t, x{t)) + ^*{t, ~x[t) - Ax{t)) + {Ax{t),x{t))] dt + ^{x{Q) - x{T)) + + 
Jo ^ 

on Xp^q is zero and is attained at a solution x{t) of the following equation 

{~x{t)~Ax{t) G dip{t,x{t)) foralHe[0,T] 
1 _£M+£m g d^{x{Q) - x{T)). 

As noted in the introduction, the boundary condition above is quite general and it includes as particular 
case the more traditional ones such as initial-value problems, periodic and anti-periodic orbits. It suffices to 
choose £{a,b) — ^p{a) + ip*{—b) accordingly. 
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• For the initial boundary condition a;(0) = xq for a given xq G H, we choose 4'{x) = jWxWj^ — (x, xq)- 

• For periodic solutions x{0) — x{T), ip is chosen as: 



X = 
+00 elsewhere. 



For anti-periodic solutions x{Q) — ~x{T), it suffices to choose ip{x) — for each x £ H. 



As a consequence of the above theorem, we provide a variational resolution to evolution equations involving 
nonlinear operators such as the Navier-Stokes equation with various boundary conditions: 

If + (u • V)u + / = vAu - Vp on Q, 

divu = on[0,r]xf], (84) 

u ^ on [0, T] X dn, 

where V, is a smooth domain of M", / e L^, ([0, T]), v > 0. 

Indeed, setting X — {u E i/g (57; R"); divw = 0}, and H — i^(ri), we write the above problem in the form 



^ + Au e -d^{t,u) 

e -5£(u(0)-m(T)), 



(85) 



where £ is any anti-self dual Lagrangian on H x H, while the convex functional $ and the nonlinear operator 
A are defined by: 

$(t, li) = f 4 fc=i(fe)' dx + {u, fit, x)) and Au := {u ■ y)u. (86) 

Note that A : A ^ A* as long as the dimenison A^ < 4. On the other hand, when A lifts to path space, we 
have the following 

Lemma 4.1 (1) When N — 2, the operator A : ^2,2 ^ Lj^, is regular. 

4 4 
(2) When N — 3, the operator A is regular from i ^ L'^t as well as from X2 ^ f) L°°{0, T; H) to L^, . 

Proof: First note that the three embeddings ^2,2 ^ L^, i <Z L^, and A'j 4 C L^, are compact. 
Assume that A^ = 3, let w" u weakly in X^ i, and fix w G C^([0,T] x fl). We have that 



/ T?^t,_^ul^vjdxdt = - / I]?fc_i<-^<dx. 
io dxk ' Jo Jn dxk ' 



^ r ^ du 

{Au'\v) • • 



Therefore 









Au, v) 1 













< 



{u^—^u" - UkTr'-Uj) dxdtl 
dxk ■' oxk ' 

v\\c^[o,T]xn)^j,k=i I l \ulu]-UkUj\dxdt. (87) 



Also 



Jn 



/ / \uku'^ - UkUj\dxdt < {u^uj - Uku'^l dx dt + / / \uku'^ - UkUj\dxdt 

Jo Jn Ja Jn Jo Jn 

< \W]\\Ll\K-Uk\\L% + \Wk\\L-Ju]-U^\\Ll^O- 

Moreover, we have for A^ = 3, the following standard estimate ( 1 1 1| ) 

||Au"||x. <c|u"||||u"|||. (89) 
Since X^ 4 <Z C{0,T; H) is continuous, we obtain 

|lAu"|| 4 <c\u-\l \\u^l <c\\u"\\i Ju-\\l (90) 
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from which we conclude that Au" is a bounded sequence in L^,, and therefore the convergence holds for 



each V e L^. 



Now, since X2.2 C C{0,T;H) is also continuous, the same argument works for N = 2, the only difference 
being that we have the following estimate which is better that 



||A«"||x- <c|u"|h||w"|!x. (91) 

4 

To consider the case A : A'a 4 nL°°(0, T; H) -+ L^,, we note that relations ([87| and ([88]) still hold if u„ ^ m 
weakly in 4. We also have estimate (|89|) . However, unlike the above, one cannot deduce ((90)) since we do 
not have necessarily a continuous embbeding from X2 4 Q C{Q,T: H). However, if (u„) is also assumed to 
be bounded in L°°(0, T; H), then we get the following estimate from ((89)) . 

l|Au"|| 4 <c|«"li^ (92) 

4 

which ensures the boundedness of Aw" in L^, . □ 
We now prove Corollaries II .41 and 11.51 stated in the introduction. 

Proof of Corollary ll.4t By the preceeding lemma, one can verify that the operator A : ^"2.2 ^ L'j^* 
satisfies condition and p^ . Therefore the infimum of the functional 

I{u) = r [$(t, uit)) + -iiit) - (u ■ VHt))] dt + f (m(0) - u{T), <^) + <T^) ^ 
Jo ^ 

on ^2^2 is zero and is attained at a solution u{t) of ((84|) . □ 

Proof of Corollary II. 5t We start by considering the following functional on the space 4 . 

Uu) r [Mt, u{t)) + ^:[t, -u{t) - {u ■ V)u(t))] dt + £(w(0) - u[T\ 

Jo ^ 

where $e(i, u) = $(i,u) + llluH"*. In view of the preceeding lemma, the operator Am :— {u ■ V)m and <i>e 
satisfy all properties of Theorem 13. II In particular, we have the estimate 

||Au|U. < c|u|^/^||m||^/^ for every u e a:. (93) 
It follows from Theorem 13. II that there exists ^ i with Ie{ue) = 0. This implies that 



^ + {u,-W)u, + f{t,x) = i^Au, + e\\u,fAu,-Vp, on[0,T]xl7 

divM, = on [0, T] x n 

Ue ^ on [0, T] X dn. 

_ u40)+MT) ^ dl{u,{Q)-u,{T)). 

Now, we show that {ue)e is bounded in ^"2,4/3- Indeed, multiply (l94|) by to get 

dMil + Hke(t)f + e\Kit)r - {fit),u,{t)) < ^\Kit)r + -wfmx' 

dt 2 2 V 

so that 



(94) 



dt 2 2" ' " ^ - 1/ 

Integrating ([95]) over [0, s], (s < T) we obtain 



-h,(01|^ + e||t^.(0r <-||/(Olli.- (95) 



h.(i)ir+e / iiu.(t)r <- / umx^- m 

^ Jo Jo 
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On the other hand, it foUows from ^ that £(^^(0) - u,{T), HiM+H^M). = hiMi! _ hiMl!. Considering 
this together with with s = T, we get 

^K(o)-..(r) /-^°) + ^-(^^ ) + ^ r^wf + . rikWII*<- Tll/WII^.. (97) 



Since £ is bounded from below and is coercive in both variables, it follows from the above that (ue)e is 
bounded in L^, that {ue{T))^ and {ue{0))e are bounded in H, and that e /p^ ||Me(t)||'' is also bounded. It also 
follows from ((96|) coupled with the boundedness of (ue(0))e, that Ue is bounded in L°°{Q,T; H). Estimate 
combined with the boundedness of (we)e in L°°(0,T;i/) n implies that (AMe)^ is bounded in L^^. 
We also have the estimate 

+ e\\u,\\^Aue\\^, < iy\K\\ + e\\u,f 

which implies that i/Au^ + e||ue||^AMe is bounded in L'^,. 
It also follows from (|94|) that for each v G L'^, we have 

, ,^ ,v)dt= I (-(u^-V)u^- f{t,x) + iyAu^+e\\u,\\'^Au,,v)dt. (98) 

Since the right hand side is uniformly bounded with respect to e, so is the left hand side, which implies that 
is bounded in i^i*. Therefore, there exists u e A'2,4/3 such that 





u weakly in 


(99) 


'dt 


^ du, 4/3 
~dt m , 


(100) 


t\WfAu, 


^ weakly in L^f , 


(101) 


u.(0) 


^ u(0) weakly in H, 


(102) 


u,{T) 


u{T) weakly in H. 


(103) 



Letting e approach to zero in (pS]) . it follows from ([M|) - (|103p that 

/ {^,v)dt= {-(u-V)u- f(t,x). + vAu,v)dt. (104) 
Also it follows from (|102p . (|103p and ([M|) and the fact that d£ is maximal monotone that 

-^^^^^^BiiuiO)-uiT)). (105) 

(|104p and (|105p yield that w is a weak solution of 

' ^ + (u • V)u + fit, x) = vAu - Vp on [0, T] x n, 



divu = on [0, T] x Q, 

u = on [0, T] X 917. 

= a£(u(0) - m(T)) onf!. 



(106) 



Now we prove inequality ([27|) . Since Ie{ue) = 0, a standard argument (see the proof of Theorem 13. ip yields 
that I{u) < liminfe Ie{ue) — 0, thereby giving that 

I,iu) := r mt,u{t)) + $*(t, -u{t) - [u ■ V)u{t))] dt + e{u{0) - u{T), + < 0. 

Jo 2 

On the other hand it follows from dTUS]) that £{u{0) - u{T), _i£M+!im) = Mill! _ This together 

with the above inequality gives 

+ r mt, uit)) + ^*it, -iiit) - (u ■ v)u{t))\ dt < 
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Corollary 4.2 In dimension N = 3, there exists for any given a with \a\ < 1, a weak solution of the 
equation solutions: 



^ + {u.V)u + f{t,x) 
divu 
u 

uiO) 



vAu - Vp on [0, T] x fl, 
on[0,T]xf7, 

on [0, T] X an. 

au(T). 



Proof: For each a with \a\ < 1 there exists A > such that a = Now consider i{a, b) = ^x{a)+^'t^{—b) 
where ip\{a) = ^|ap. □ 

Navier-Stokes evolutions driven by their boundary: We now consider the following evolution equation. 

If + (u • V)u + / = vAu - Vp on [0, T] x fl 

(107) 



divu = on [0, T] x ft 

u(t,x) = u°{x) on[0,T]xaO 
u{0,x) = au{T,x) on n 



where /^^^ u^-nda = 0, v > and / £ ^x*- Assuming that m° S H^^^{dfl) and that dH, is connected, Hopf's 
extension theorem again yields the existence of G H'^{Vl) such that 



on 951, divw*' = and Jj^ T/^ ^.^^Uk-Q^Uj dx < e\\u\\^ for all u G X 



(108) 



where V — {u £ H^{n; R");divu — 0}. Setting v ^ u + v'^, then solving (|107p reduces to finding a solution 
in the path space X2,2 corresponding to the Banach space X = {u G i?o (fl; R"); divw = 0} and the Hilbert 
space H — L'^{il) for 



— + (m • V)w + (w° • V)w + (u 

u(0)-aM(T) (a-l)i>°. 

where $(i, u) = f /q ^^^,^=1(17^)^ + (.9'""): and where 

g:=/-j.At;" + (z;0-V)w" gL^.. 
In other words, this is an equation of the form 

du 



(109) 



dt 



Au G -9<i>(t, u) 



(110) 



where Am := {u ■ V)u + (w° • V)u + (u • V)t;° is the nonlinear regular operator = 2 or iV = 3. 

Now recalling the fact that the component Bu := (v'^ ■W)u is skew-symmetric, it follows from Hopf's estimate 

that 

C|iu||^ > $(i,u) + {Au,u) >{v- e)\\uf + {g,u) for all ueX. 
As in Corollarv ll.51 we have the following. 



Corollary 4.3 Assume N — 3. Consider £ to be a selfdual Lagrangian on H x H that is coercive in both 
variables. Then, there exists u € X2 ± such that 



I(u) 



ana u is a 



^ [^{t,u{t)) + $*(t, ~u{t) - Au{t)) + {u{t),Au{t))] dt + i{u{0) - u{T), !li2l±^^) < 



weak solution of |J07[ ). 



To obtain boundary condition given in (|109p that is u{0) — au(T) = {a — l)w°, consider £{a,b) = ip\{a) + 
i^li-b) where a = ^ and ipxia) = ^\a\'^ - 4(a,i;°). 
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5 A general nonlinear selfdual variational principle for A-coercive 
functionals 



In this section, we show that the ideas behind the nonhnear selfdual variational principles can be extended in 
two different ways. For one, and has already been noted in [S], the hypothesis of regularity on the operator 
A in Theorem 11.11 can be weakened (see Definition 15.11 below) . We shall also relax the coercivity condition 
© that proved prohibitive in the case of evolution equations. 
We start with the following weaker notion for regularity. 

Definition 5.1 A map A : D{A) C X ^ X* is said to be pseudo-regular if whenever (a;„)„ is a sequence 
in X such that Xn x weakly in X and lim sup„ ( Aa;„ , a;„ x) < 0, then liminf„(Aa;„, x„) > (Ax, x) and 
Aa;„ Ax weakly in AT*. 

It is clear that regular operators are necessarily pseudo-regular operators. 
We also introduce the following weakened notion of coercivity. 

Definition 5.2 Let J be the duality map from a reflexive Banach space X into its dual AT*, and consider a 
map A : £'(A) C AT ^ X* . Say that a Lagrangian L on X x X* is K-coercive if for any sequence {xn]'^=i ^ X 
such that ||a;„|| +C!0, we have 

lim L{xn^Kxn-\ — Ja;„) + (x„, Ax„} H — = +cx). (HI) 

||2:„|H+oo n n 

The following is an extension of Theorem 11.11 

Tiieorem 5.3 Let L be an anti-selfdual Lagrangian on a reflexive Banach space X such that G Dom(L) and 
Domi(L) is closed. Let A : D{A) C X X* be a bounded pseudo-regular map such that Domi(_L) C -D(A), 

L is A-coercive and {dL{x) -\- Ax,x) > — C(||x|| + 1) for large \\x\\. (112) 

Then there exists u ^ X such that: 

L{u,Au)-{-{Au,u) = mi L{x,Ax) + {Ax,x) ^ 0, (113) 

and u is a solution of the differential inclusion: 

-Au e dL{u). (114) 

Remark 5.4 Theorem \5.3\ is an extension of Theorem l 1 . 1\ which claims that illS]) holds under the following 
coercivity assumption on L and A. 

lim Hl{0, -x) + {Ax, x) = +oo. (115) 

||x II — ' + 00 

Indeed, in order to show that condition \1 1 5\) is stronger than hll2\) , note that for each G X x X* , 

L{x,p) = sup{{y,p)-HL{x,y):y e X} > -Hl{x,0) > Hl{0,-x), 
in such a way that if ||a;„|| +00, then 

lim L{Xn,AXn + -JXn) + {Xn,AXn) + -\\Xn\\'^> lim iJ^ (0, -.T„) + (Aa;„, Xn) = +00, 

from which follows that L is A-coercive. Moreover, we have for large \\x\\, 

{dL{x) + Ax, x) = L{x, dL{x)) + (Ax, x) > 71^(0, -x) + (Ax, x) > -C(l|x|| + 1). 
For the proof of Theorem [531 we shall need the following lemma 
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Lemma 5.5 Let L be an anti-selfdual Lagrangian on a reflexive Banach space X, let A : 13(A) C X X* 
be a pseudo-regular map and let F : D{F) C X — > X* be a regular map. Assume {xn)n is a sequence in 
D{A) n D{F) such that Xn x and Aa;„ — ^ y for some x £ X and y G X* . //L(a;„, Aa;„ + Fxn) + (Aa;„ + 
Fxn, Xn) = for each n G N, then necessarily L{x, Ax + Fx) + {Ax + Fx, x) = 0. 

Proof: We have 

hmsup(Aa;„, a;„ — x) < Um (Ax„, — x) + Umsup { — -L(x„, Ax„ + _Fa;„) — x„)} 

n ^ n 

= {y,-x) {L{Xn,AXn+ FXn) + {FXn,Xn)] (116) 

n 

Since L is weakly lower semi continuous and F is regular, we have 

L{x, y + -Fa;) + {Fx, x) < liminf |_L(x„, Ax^ + Fxn) + {Fxn, Xn)} 

which together with (|116p imply 

limsup(Aa;„, Xn — x) < (y, ~x) — L{x, y + Fx) — {Fx, x) 

n 

— {y + Fx, —x) ~ L{x,y + Fx). 
L being an anti-selfdual Lagrangian, we have L{x, y + Fx) > {y + Fx, —x), and therefore 

limsup(Aa;„, Xn — x) < 0. 

n 

Now since A is pseudo-regular, we have y — Ax and liminf„(Aa;„, x„) > {Ax,x). It follows from these facts 
that 

L{x, Ax + Fx) -\- {Ax + Fx, x) < liminf L(x„, Ax„ -I- Fxn) + {Axn + Fxn, Xn) = 0, 

n 

On the other hand, since L is an anti-selfdual Lagrangian, we have the reverse inequality L{x,Ax + Fx) + 
{Ax + Fx, x) > Q which implies the latter to be actually zero.D 

Proof of Theorem I5.3t Let w{r) ~ sup{||Am||* + 1; < r} and let Fu :— w(||u||) Ju. Let Lj^ be the 
A— regularization of L respect to the second variable i.e. 

Llix,p) := inf |i(x, q) + + ; 9 G X*| . 

Since G Dom(i) the Lagrangian L and consequently L| and therefore _ff^2 (0, .) are bounded from below. 
Also we have 

lim H]^2 (0, —x) + {Ax + eFx, x) — +00, 

||a;||^-(-oo ^ 

since {Ax -I- eFx, x) > — w(||a;||) ||a;|| -|- ei(;(||x||) ||a;|p. 

It follows from Theorem 11.11 that there exists x^^\ such that 

Ll{xe,\, Axe,\ + eFx^^x) + (AXe^A + <^FXe,\, Xe^\) = 

which means that Axe + eFxe £ —dL\(xe), and in other words, Axt,\ + eFxe,x + XJxe,x S —dL{xe,x). This 
together with (|112p . imply {eFxe,\ + XJxe^\,Xe,\) < C\\xe^\\\, thereby giving 

ew{\\x,Mx,,x\\^ + X\\x,^x\\^ < C\\x,^x\\, 

which in turn implies that {eFx^^x)^, and {xe^x)^ are bounded. Since now A is a bounded operator, we get 
that Axe,x is bounded in X*. Suppose, up to a subsequence, Xe^x xx and Axe,x Px- It follows from 
Lemma 15.51 that for every A > 0, we have 

L{xx, Axx + XJxx) + {Axx + XJx\, x\) = 0. 

Since L is A-coercive, xx is a bounded sequence in X and therefore converges weakly - up to a subsequence- 
to a w G X. Again, since A is a bounded operator, Axx is also bounded in X* , and again Lemma 15.51 vields 
L{u, Au) -\- {Au, u) = 0, which means that —Am e dL{u). 
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Remark 5.6 Note that, we do not really need that A is a bounded operator, but a weaker condition of the 
form ||Ax|| < CH{Q, x) + w(|ja;||) for some nondecreasing function w and some constant C > 0. 

□ 

Let now A : D{A) C X ^ X* be a closed linear operator on a reflexive Banach space X, and consider Xa 
to be the Banach space that is the closure of D{A) for the norm \\x\\a — \\x\\x + \\Ax\\x*- We have the 
following result. 

Corollary 5.7 Let A : D(A) C X —> X* be a closed linear operator on a reflexive Banach space X with a 
dense domain, and let A be a map from D{A) into X* that induces a pseudo-regular operator A : Xa ~> X\. 
Suppose L is an anti-selfdual Lagrangian on X x X* that satisfies the following conditions: 

L is (A + A) -coercive on Xa (117) 

For each p G Dom2(i), the functional x — s- L{x,p) is continuous on X . (118) 
X — > L(x,0) is bounded on the unit ball of X . (119) 
Then there exists u G Xa such that: 

L{u,Au + Au) + {Au + Au,u) = M L{x,Ax + Ax) + {Ax + Ax,x) ^ 0, 

-Au~Au e dL{u). 

Proof: Note first that Xa C X C X* C X\. We first show that the Lagrangian 



M{u,p) := 



L{u,p), peX* 
+00 p£X\\X* 



is an anti-selfdual Lagrangian on Xa x X\. Indeed, if g G X* , use the fact that Xa is dense in X and that 
the functional x — > L(x,p) is continuous on X to write 

M*{q,v) = &\rp{{u,q) + {v,p) - M{u,p);{u,p) <E XaX X*a} 
= sup{(u,q) + {v,p) - L{u,p); {u,p) e Xa x X*} 
= L*{q,v) = L{-v,-q) = Mi-v,-q). 

If now q G \ X* , then there exists {x„}„ C Xa with ||a;„||x < 1 such that (x„, q) —> +oo as n — > oo. It 
follows, 

M*iq,v) = sup{{u,q) + {v,p) ~ M{u,p);{u,p) e Xa X X*} 
> sup{(a::„, ^f) - L{xn,0)} 
= -\-oo = Mi~v, -q) 

Note that since {xn}n is a bounded sequence in X, the sequence {L(xn, 0)}„ is bounded. It follows from the 
assumptions that A4 is A-\- A coercive on Xa and the rest of condition (|112p in Theorem 15.31 □ 



Corollary 5.8 Let the operator A and the space Xa be as in Corollary \ 5.7\ and let if be a proper convex 
lower semi-continuous function that is both coercive and bounded in X . Let A : Xa X* be a pseudo-regular 
operator and assume the following conditions: 

u — > {u, An An) is bounded from below. (120) 

||Au||x* ^ + "U^dl^llx) for some constant < fc < 1 and a nondecreasing function w. (121) 

Then a solution x G Xa to the equation G Ax -\- Ax + dip{x) can be obtained as a minimizer of the problem: 

inf {ip{x) + tf*{-Ax - Ax) + {x, Ax + Ax)} = 0. 
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Proof: It is an immediate consequence of Corollary 15 . 71 applied to the Lagrangian L{x,p) = ^fiix) + Lp*{—p). 
To verify the conditions of I5.7i we note that 

{dip{u) + Au + Au, u) > {dip{Q),u) + {Au + Au, u) > -C(l + \\u\\x) > -C(l + ||u||y). 

We have used the fact that tp is convex monotone and (Au + Au, u) is bounded from below. Now we prove 
that L is (A + ^) coercive. Indeed, suppose {a;„}„ C Xa is a subsequence such that — > oo, we show 
that 

Lp{Xn) + (p*[~AXn - AXn - -JXn) + {Xn,AXn + AXn) + -\\Xn\\x 

n n 

Indeed, if the above relation does not hold SIIICG (XjT,, Ax^j, "h AXji ) + ^||x„||x is bounded from below, we 
have (p{xn) + 'f*{~Axn ~ Axn — ^Jxn) is bounded from above. The coerciveness of (ys on X ensures the 
boundedness of {||a;„||x}n- Now we show that {a;„} is actually bounded in Xa- In fact , since Lp is bounded 
on X we have that is coercive m. X* and in result 

\\AXn + AXn + -JXnWx' < C 

n 

for some constant C > 0. It follows from (I120|) and the above that 

||^a;„||x* < \\AXn + AXn + -JXn\\x' +\\AXn + -JXn\\x' 

n n 

1 1 '-^'^ n 1 1 X * 

n 

< C + k\\AXn\\x' + w{\\Xn\\x) + -\\Xn\\x 

n 

Hence (1 — fc)||Aa;„||x* < C* + w(||a;„[|x) + ^Ha^nllx: and therefore ||Ax„||x' is bounded which results the 
boundedness of {x„} in Xa- □ 

We can also give a variational resolution for certain nonlinear systems. 

Corollary 5.9 Let ip be a bounded convex lower semi- continuous function on Xi x X2, let A : Xi X| be 
any bounded linear operator, let Bi : Xi — > X^ (resp-, B2 '- X2 — > X2) be two positive linear operators- Let 
Yi := {x ^ Xi] BiX G X*}, i — 1,2. Assume A :— (Ai, A2) : Yi x Y2 ^ Y^ x Y2 is a pseudo-regular operator 
such that 

'P{x,y) + {Bix,x) + {B2y,y) + {A{x,y),{x,y)) 

hm -—- T—r = +00, 

ll^^lUi+lli/IUa^oo ||a;||xi + \\y\\x2 

and 

||(Ai,A2)(x,2;)|U.xxj < k\\{B,,B2){x,y)\\x^^x^-^w{Ux,y)\\x,^x,) 

for some continuous and non- decreasing function w, and some constant < k < 1. Then for any {f,g) S 
Yi X Y2 , there exists {x,y) G Yi x 5^2 which solves the following system 

-Ai{x, y) - A*y - Bix + f e diLp{x,y). 
-A2{x,y) + Ax - B2y + g G d2'p(x,y). 

The solution is obtained as a minimizer on Yi x Y2 of the functional 

I{x, y) = tpix, y) + 'ip*{-A*y - Bix - Ai{x, y). Ax - B2y - A2{x, y)) + {Bix, x) + (Bay, y) + {A{x, y), {x, y))- 
where 

^{x, y) = ^{x, y) - if, x) - (5, y). 
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Proof: Consider the following ASD Lagrangian (see [7]) 

L{{x, y), {p, q)) = ipix, y) + A*y -p,Ax-q). 

Settings {Bi,B2), CoroUarvlOlvields that Kx.v) = L{{x,y), A{x,y)+B{x,y))+{A{x,y)+B{x,y), (x,y)) 
attains its minimum at some point [x, y) G Yi x Y2 and that the minimum is 0. In other words, 

= I{x,y) 

= ^{x, y) + - Bix - Ai(x, y), Ax - B^y - A2(x, y)) + (A(S, y) + B{x, y), {x, y)) 

= i^{x,y) + tp*{-A*y - Bix ~ Ai{x,y),Ax ~ B2y - A2{x,y)) + 
{{Ai{x, y) + Bix - A*y, A2(x, y) + + Ax), (x, y)) 

from which follows that 

-A*y-Bix-Ai{x,y) e di(p{x,y) ~ f 
Ax - B2y - A2{x,y) e d2(f{x,y) - g. 

Example : A variational resolution for doubly nonlinear coupled equations 

Let bi : ^ R" and ■ ^ ^ R" be two compact supported smooth vector fields on the neighborhood of 
a bounded domain Vl of R". Consider the Dirichlet problem: 

Ai; + bi-Vu \u\P-^u + u"'-^v"' + f OTL Q 

-Au + ba-Vu = \v\P-^v - u"'v'^-^ + g on Q (122) 
u — V = on dQ. 

We can use Corollarv l5.8l to get 

Theorem 5.10 Assume f,g in LP, 2 <p, that div(bi) > and div(b2) >0 onQ, and 1 <m < Let 
X = {u E H^{il); u G LP{fl)SzAu £ L''{fl)} and consider on X x X the functional 

I{u,v) = ^'(u) + ^'*(bl.V^t + A^;-u"~^^;") + $(^;)+$*(b2.V^;-Au + ^t™^;'""^) 

+ i / div(bi) |u|2da;+ i / div{hi)\v\^dx 

where 

^ lln + /j-j fudx, and $(w) = ^ ^ \v\Pdx + gvdx 

are defined on LP(il) and 'J* and <&* are their Legendre transforms in L'?(f2). Then there exists [u, v) G XxX 
such that: 

I{u, v) = inf{/(M, v); {u, v) e X x X} = 0, 

and {u,v) is a solution of 1^1 22^ . 

Proof: Let A = A, Xa = X and Xi = LP{fl). <i> and are continuous and coercive on Xi. To show that 
I is A— coercive, we just need to verify condition p2ip in CoroUarv 15.81 Indeed, by Holder's inequality for 
q = < 2 we obtain 

and since m < we have 2niq < p and therefore 

ll«"«"-'llL.(n) < C(||u||2™^) + \\vf^r^-l\ (123) 

Also since q < 2, 

||bi.Vu||i,(o) < C||bi||ioo(f2)||Vu||i2(o) 

< C||bi||L~(o)( J {~Au,u)dxy- < C||bi|U.»(n)l|ul|i(^)|lAu||i(^) 

< fc||Aw|U,(o)+C(fc)||bi||i^(f,)||u|Up(n) (124) 
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for some < fc < 1. Hence condition (|12ip follows from (|123p and (|124p . 

Also, it is also easy to verify that the nonlinear operator K : X x X ^ L'^{Q) x L'^iVl) defined by 

is regular. □ 

It is worth noting that there is no restriction on the power p in the previous example, that is p can well be 
beyond the critical Sobolev exponent. 
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